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For any given potential, linear response theory tells us the size that the von Weizsicker coef-
ficient must assume in order to obtain the correct energy in the weak coupling limit. With this
necessarily imposed choice, the quality of results is investigated as the coupling is strengthened.
From the study of a number of model problems (the harmonic oscillator, the Yukawa well and the
Mathieu potential) it is concluded that good results can be maintained to high couplings.

1. Introduction

The appeal of density functional methods in the
quantum-mechanical manybody problem is that they
offer relatively simple equations to be solved. The
example, par excellence, of this assertion is the
Thomas-Fermi theory which, though very simple, is
unfortunately too crude for many purposes. Conse-
quently there has been, since the early days of quan-
tum mechanics a sustained interest in possible im-
provement of this technique.

One of the earlier suggestions is due to von
Weizsidcker ! who introduced a contribution to the
kinetic energy density depending upon the gradient
of the particle density. This modification has been
used often, examples of recent applications being to
the energetics of pure metallic lattices by Meyer,
Umar and Young ? and of rare gas atoms implanted
in the noble metals by Citrin and Hamann 3.

Long after von Weizsdcker’s original paper, it
was proposed by Kompaneets and Pavlovskii* and
Kirzhnits® that while the Weizsidcker functional
form should be retained, its size should be reduced
by a factor of nine. In this modified form, the
method has also found many applications. For ex-
ample, in this way, Smith® and Appelbaum and
Baraff 7 have studied metallic surfaces, Hodges and
Stott® alloys and Santos and Villagra ? the inter-
layer problem in graphite.

Despite a number of subsequent alternative de-
rivations of the modified theory (see, for example,
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Hohenberg and Kohn1?, Stoddart, Beattie and
March 1) it has not been clear, a priori, what coef-
ficient to choose in any given problem, though the
overall trend seems to have been to use the reduced
coefficient without justification. The situation was
clarified somewhat by Jones and Young!? who
showed that, for weak coupling, the newer version
of the theory was correct for external potentials
containing only long wavelength components. On
the other hand, for potentials containing only short
wavelength components, the original von Weizsidcker
coefficient was demonstrated to be correct.

In practice, inevitably, we face the problem of
strong potentials containing components distributed
over all wavelengths. Even in the weak coupling
limit it is clear, in general, from Jones and Young’s
work, that the coefficient which gives the energy
exactly will not be precisely correct for, say, the
particle density, and this has led Hodges '* to gen-
eralize the von Weizsicker functional form itself.

Despite the above shortcoming, it is true, none-
theless, that for any given external potential, a
suitably modified von Weizsédcker coefficient can be
defined, a priori, to give the correct energy provided
the coupling is sufficiently weak. In the present
paper we ask the question whether, once this coeffi-
cient is chosen, the von Weizsacker formalism will
continue to give good energies as the coupling
strength is increased.

To help answer this question we have studied, by
the above technique, a number of model systems (the
harmonic oscillator, the Yukawa well and the
Mathieu potential) for which exact results can be
found. The latter, of course, are for non-interacting
particles as must, therefore, be the approximate
results. But this is no drawback; the point at issue
is the definition and efficacy of the kinetic energy
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functional, the potential energy functional consti-
tuting a quite separate problem.

In the following section, we introduce the for-
malism and define the coupling constant in terms of
the potential. Then in Sections 3, 4 and 5 we present
the results for the three model systems referred to
above. Finally, in Sect. 6, we state our conclusion.

2. The von Weizsiadker Coefficient

Suppose we have NV independent fermions moving
in a volume 2. The common fixed external poten-
tial is v (7). The exact ground state energy for this
problem is obtained by adding the single-particle
eigenvalues for the lowest doubly-occupied levels;
the exact density is found by summing the corre-
sponding single-particle densities.

On the other hand, the von Weizsicker method
tells us to minimize the energy functional (AR =m =1,
throughout)

A _(Vn)?

3
=\ 12 (32288 L
E; S{lO (3 72)23 n33 + 3 +nvdr

(1)
where, here n plays the role of the density. In his
original formulation, von Weizsdcker! obtained
4=1; subsequently Kirzhnits® and Kompaneets and
Pavlovskii * suggested 2 =1/9.

As Jones and Young!? pointed out, when v is
sufficiently weak, the energy can be calculated ex-
actly to second order and compared with the pre-
diction found by linearizing Equation (1). Writing

o() = o S@esp{-iqT}; (2

2 q

we obtain the expression
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where ny=N/Q and kg® =3 2% n;. The result based
on Eq. (1) corresponds to

g
fi(n) = T3’ "3k (4)

while the exact result is
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If the approximate method is to give the exact
energy in the weak coupling limit then, as Eq. (3)

>. (5)
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indicates, we require
[ —f)} 5 (q)2dg=0.  (6)

This is our defining equation for Z; the solution is
independent of any coupling constant factor con-
tained in v.

If Eq. (2) contains only Fourier components cor-
responding to q’s of the same modulus g, then Eq.
(6) solves to give

. 1 —f(n0) (7)

3100° f(mo) ~
This function Z(#,) is plotted in Fig.1; its one-
dimensional equivalent will be considered in relation
to the Mathieu problem in Section 5.

In general, however, Eq. (6) defines 4 implicitly
for any given potential. The method we investigate
then, is to solve Eq. (6) for 1 and then use this Z in
Eq. (1) to investigate E; as the coupling constant in
v is made large. The results for a number of dif-
ferent potentials are presented in the following sec-
tions.

3. The Harmonic Oscillator

As a first example, we consider the potential

48aka {(a/g)?-1}

¢*  {(a/g)*+1}*
(8)
where £ is a coupling constant. Substitution of Eq.
(8) into Eq. (6) and solving numerically for 4
gives results which are shown in Figure 2.
We find that as a/2 kp increases from 0, Z in-
creases from 0.1111. The reason for this behavior
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Fig. 1. The von Weizsicker coefficient 4 which gives the cor-

rect weak coupling limit when the potential contains only

Fourier components of modulus 2 kf 7, . In one dimension,
A(l)=-1.



900

09 T T T —y

1 1 1

o] | 2 3

"
4 o/2k,

Fig. 2. The von Weizsicker coefficient 4 which gives the cor-
rect energy in the weak coupling limit when the potentials
are given by Egs. (8) and (9).

is that when a is small, the small ¢ components in
v(g) are dominant and thus Eq. (6) solves to give
a 4 characteristic of the long wavelength limit shown
in Figure 1. When « is large, #(g) is independent
of g, in leading order. Thus, the volume element in
Eq. (6) ensures that Z will become representative of
short wavelengths and approach the value of unity
indicated in Figure 1.

In the limit a— 0 we obtain the harmonic oscil-
lator well for which, of course, exact results are
known and for which Eq. (1) has been minimized
by Berg and Wilets !*. They found empirically (see,
also, March 1) that 2~1/8 was required for E; to
give the exact energy for large numbers of particles.
This is in essential agreement with the present pre-
scription which tells us to use 2=0.1111 for this
problem. The need for the highly reduced coefficient
is dictated by the overwhelming importance of small
q Fourier components in the potential.

4. The Yukawa Well

In this case we take

4z

V(r) = Fia

Texp{—ar}; ¥(g) - (9)
Such expressions have been used often to approxi-
mate the self-consistent potential associated with a
point charge of z electronic charges screened by an
electron gas. Formally, z does not have to be an
integer and here it plays the role of the coupling
parameter considered, in the first instance, in the
derivation of Eq. (6), to be weak.

A. Meyer et al. + The von Weizsicker Coefficient in Density Functional Theory

Substitution of Eq. (9) into Eq. (6) and solving
numerically for 4 gives results which are shown in
Figure 2. There is one interesting difference from
those based on Equation (8). When a/2 kp— o,
small wavelengths dominate and Z— 1, as before.
However, when @/2 kp— 0, we find 21— 0.205 in-
stead of the value of 1/9 suggested by Figure 1.
This is because ¢ v(g) becomes independent of ¢
as a— 0 so that long wavelengths never predomi-
nate (as they did in the corresponding harmonic
oscillator limit). As before, we now ask how ac-
curate the results are when used in Equation (1).

In the limit a— 0 we have the Coulomb field
problem for which exact results can be calculated.
Yonei and Tomishima® studied the minimization
of Eq. (1) for the neutral “atom” cases z=/N and
found that to reproduce the exact energies they
required Z to vary from 0.25 for N=10 to 0.20 for
N =90. Our procedure, which requires 4 =0.205 in
the N = co limit would thus appear to give good
results for this problem even though the original
weak coupling reference system has been radically
transformed.

There are also indications that Fig. 2 leads to
realistic conclusions when « is non-zero. March and
Murray 17 calculated essentially exact results for a
potential close to Eq. (9) with z= —1 and a/2 kg
=0.665 (the linearized Thomas-Fermi value ap-
propriate to copper) and compared them with a
corresponding von Weizsicker (4=1) study. They
concluded that 2 needed to be much reduced from
unity.

Unfortunately, it is not possible to obtain, from
their work, a quantitative estimate of the 4 required
to get the energy right. However, they found that
the displaced charge from a sphere of radius 2.66
atomic units (the Wigner-Seitz radius for copper)
was 0.47 electronic charges whereas the correspond-
ing von Weizsicker (4=1) and Thomas-Fermi
(A=0) results were 0.56 and 0.44 respectively.
Linear interpolation thus suggests a correct 4 of

about 0.25.

According to the present prescription, we would
choose 1 =0.38. This is certainly in qualitative agree-
ment with March and Murray’s conclusion that 4
should be substantially reduced from unity. Indeed,
considering the various uncertainties involved in
arriving at the 0.25 result above, the a priori figure
of 0.38 might be deemed to be at least semi-quanti-
tatively correct.
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5. The Mathieu Potential

Here, we have considered the one-dimensional
case

7(q) =34 L(d¢,q, +94,-4,)

(10)
where L is the length of the box. For this problem,
kp=ntN/2 L (doubly-occupied levels) and the re-
ciprocal lattice vectors are given by n g, where
n=0, £1, £2,....

The exact solution for the total energy is ob-
tained by first solving (numerically) the secular
equation
det | {2 (k—n go)* — E (k) } Sn (11)
+L715(ngy—n'go)|=0

v(x) =Acos(gyx);

and then computing

E
N
The one-dimensional equivalent of Eq. (1) is
72 2 (dn/dx)? }
e NS 8 g £ NOTHER
E; S{24n+8 n +nvpdr (13)
and of Eq. (3) is

Y ype o s 1 5(q) ]2
(14)
where now, instead of Eq. (4) and Eq. (5) we have

1k

L) =1 +An®); n=g/2ke  (15)
and
1 |14+
f(ﬂ)=2n1n i-n )"

For the special potential Eq. (10), the one-di-
mensional equivalent of Eq. (6) solves explicitly
for A (recall the penultimate paragraph of Sect. 2)
and we obtain

” 2
A=————i2 (17)
1 1+7, Mo
o In
1-n,

where 7= q¢/2 kr. This is the analogue of Equa-
tion (7). The function defined by Eq. (17) is plotted
in Fig. 1 and can be contrasted in a number of
ways with the three-dimensional result.

First, for some smaller values of #,, 1 is nega-
tive. As far as we know, this is the first example in
the literature where the introduction of a von Weiz-
siacker term is necessary to reduce the energy. A

usual physical argument for the introduction of the
term is that it prevents excessive variations in the
density; for example, without it the resulting Tho-
mas-Fermi method produces divergences in n should
divergences occur in wv. Such an argument, of
course, relies on /1 being positive. Figure 1 shows
that any one-dimensional potential dominated by
Fourier components of sufficiently long wavelengths
requires a negative 4.

Other points worthy of note are the cusp at
7o=1, A= —1 and the fact that while 2— 1 when
7)—>oo, as in three dimensions, the opposite limit
of 7,=0 now corresponds to 1= — 3, in contrast
with the three-dimensional result 1 =14 .

Turning now to the minimization of Eq. (13),
we chose (arbitrarily) 4 =0.1¢,® and calculated,
as functions of kp, results for the usual von Weiz-
sicker case, A =1, and the Thomas-Fermi case 1 =0.
The details of the procedure involved are given in
the Appendix and the results are shown in Figure 3.
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Fig. 3. Energy versus Fermi wave index for the Mathieu
problem given by Eq. (10) with 4=0.1 g42. The broken line
corresponds to linear interpolation or extrapolation of the
2=0,1 results on choosing 4 in accordance with Equation
(17). The circles correspond to the proper procedure of op-
timizing Eq. (13) with A chosen via Equation (17).

Exact

It is of interest to note, in passing, that despite
being non-linear, the von Weizsdcker method (al-
ways) and the Thomas-Fermi method (nearly al-
ways) are inferior, in this application, to second-
order perturbation theory (except in the immediate
vicinity of the Brillouin zone edge, kr =% g,, where
the latter diverges).
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Knowing the energies for 2=0, it is possible to
infer, by linear interpolation or extrapolation, ap-
proximate results for the choice of Z indicated by
Eq. (17) and Figure 1. Such data are shown in
Figure 3. Alternatively, we might attempt direct
calculations [by finding 4 from Eq. (17) and then
optimizing Eq. (13)]. In the regions away from the
zone edge, the direct method improves on the results
obtained by linear interpolation, as Fig. 3 shows,
but near this edge we are unable to find satisfactory
solutions. It is not clear whether the deficiency is
one of technique or principle and we leave the
question open of whether an approach like the
present one can describe band gap characteristics.
Certainly there is promise and such an aspiration
has been beyond density functional methods hith-
erto. Leaving aside this unresolved matter, it will
be seen that the specification of 1 via Eq. (17) does,
in general, lead to improvements over the Thomas-
Fermi and (Z=1) von Weizsicker results.

6. Conclusion

We have given a prescription [Eq. (6)] for
choosing, a priori, the von Weizsdcker coefficient
appropriate to any given problem of non-interacting
particles moving in a common potential. This has
been tested on a few cases where some information
is obtainable about the exact solutions. These tests
suggest that the present method is a useful way of
specifying the coefficient. Indeed it is difficult to
imagine as simple a prescription which will do
better.

All this is assuming, of course, that N is very
large. When N is not large there are good reasons
for reducing the size of the Fermi coefficient [the
first term of Eq. (1)], as has been recognized by
Gombéas 18 19 and March and Young 2°. Recently a
very detailed study of possible modifications of this
type has been made Szasz, Berrios-Pagan and
McGinn 2! and since we have here studied modifi-
cations in the von Weizsidcker coefficient, our paper
complements theirs.

The problem of interacting particles has not been
considered in the present work. For, as mentioned
earlier, the introduction of interactions is a sophis-
tication superposed on the non-interacting case in
which the problem of handling the kinetic energy
density functional has already arisen. However, it
is easy to see how such a case could be considered.
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A suitable generalization of Eq. (1) may be written
down and linearized so as to obtain a revised form
of f; instead of Equation (4). On the other hand,
accurate forms of f are known from electron-gas
linear response theory (see, for example, Hedin and
Lundqvist 2?) and such an expression can replace
Equation (5). From then on, the method would
proceed much as before.
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Appendix 1

Here, we show how Eq. (13) was minimized for
the potential Equation (10). First, the change of
variable g,z =y and of function n(z) =2 kp v*(y)
gives
E 2 n? 1 2 7\ 2 A 2
N S{;m 272 (y)? + (—cos e ldy

0

kg?
(A)

This has to minimized subject to the normalization
requirement

6[1,02 dy=1. (A2)
The appropriate Euler equation is
2 A
e il e ( ) S
Ly + Wi+ scosy |y=ey (A3)
: 87y* \do” / I

¢ defining the chemical potential. Equation (A3) is
a kind of effective Schrodinger equation for the
total density amplitude (Gombas?3). The boundary
conditions are 3’ (0) =y (1) =0.

For any v satisfying Eq. (A3), Eq. (A1) re-
duces to
% =L‘F2{s— E;;ffn'“ dy} .

0

(A4)

Thus, once Eq. (A3) is solved, it is easier to use

Eq. (A4) than Eq. (A1) to find E; .
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For specified 4, 4 and kg, our numerical proce-
dure was as follows. First, a value for ¢ was gues-
sed. With this ¢, Eq. (A3) was solved (by trial and
error) until a solution satisfying the boundary con-
ditions was obtained. Using this solution, Eq. (A2)
was tested; in general the normalization was found
to be incorrectly given. So, revised values of & were
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